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Ïîñòàíîâêà çàäà÷è

1 Îïèñàòü ìíîãîìåðíóþ ëèíåéíóþ ìîäåëü íàáëþäåíèÿ ñ

âåêòîðîì ïîìåõ, èìåþùèì íåèçâåñòíîå óíèìîäàëüíîå

ðàñïðåäåëåíèå

2 Ðåøèòü çàäà÷ó ìèíèìàêñíîãî îöåíèâàíèÿ ñ âåðîÿòíîñòíûì

êðèòåðèåì

3 Îïðåäåëèòü íàèõóäøåå ðàñïðåäåëåíèå âåêòîðà ïîìåõ

4 Ïðîâåñòè ÷èñëåííûé ýêñïåðèìåíò äëÿ ñðàâíåíèÿ

íàäåæíîñòè îöåíîê ïðè ðàçíûõ ðàñïðåäåëåíèÿõ ïîìåõ
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Îïèñàíèå ìîäåëè

Ðàññìîòðèì ìíîãîìåðíóþ ëèíåéíóþ ìîäåëü íàáëþäåíèÿ :{
X = 〈a, θ〉
Y = Bθ + η

(1)

â êîòîðîé èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:

X ∈ R� îöåíèâàåìàÿ âåëè÷èíà;

Y ∈ Rn � âåêòîð íàáëþäåíèé;

θ ∈ Rp � íåñëó÷àéíûé âåêòîð íåèçâåñòíûõ ïàðàìåòðîâ;

a ∈ Rp �èçâåñòíûé âåêòîð êîýôôèöèåíòîâ;

B ∈ Rn×p � çàäàííàÿ ìàòðèöà ðåãðåññèè.

η ∈ Rn � âåêòîð ñëó÷àéíûõ îøèáîê íàáëþäåíèé (ïîìåõ)

Ðàñïðåäåëåíèå âåêòîðà η ïðèíàäëåæèò êëàññó ìíîãîìåðíûõ

óíèìîäàëüíûõ ñèììåòðè÷íûõ ðàñïðåäåëåíèé

Law(η) ∈ Us(0;σ2ηI ), (2)
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Óíèìîäàëüíîå ðàñïðåäåëåíèå

Us(0;σ2)� êëàññ ñèììåòðè÷íûõ, óíèìîäàëüíûõ îäíîìåðíûõ

ðàñïðåäåëåíèé ñêàëÿðíîé âåëè÷èíû ξ : Mξ = 0 è Dξ = σ2

fξ(x) = pδ(x) + (1− p)f (x), (3)

Us(0, σ2I )� êëàññ ìíîãîìåðíûõ óíèìîäàëüíûõ ðàñïðåäåëåíèé

ξ : Mξ = 0 è cov{ξ} = σ2I .

Îïðåäåëåíèå

Ðàñïðåäåëåíèå ñëó÷àéíîãî âåêòîðà ξ ∈ Rn óíèìîäàëüíî åñëè

∀λ ∈ Rn âåëè÷èíà 〈λ, ξ〉 óíèìîäàëüíà.
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Íåðàâåíñòâî Ãàóññà

Òåîðåìà

Äëÿ ξ ∼ Us(0, σ2)

P{|ξ| ≥ h} ≤


4σ2

9h2
åñëè h2 ≥ 4

3σ
2

1− h
σ
√
3

åñëè h2 ≤ 4
3σ

2.

Íàèõóäøåå ðàñïðåäåëåíèå ñëó÷àéíîé âåëè÷èíû ξ ∼ Us(0, σ2):

ξ ∼

R(−σ
√
3, σ
√
3) ,åñëè h ≤ 2√

3
σ

4
3h2
R(3h2 ,

3h
2 ) + (1− 4

3h2
)δ0(x) ,åñëè h ≥ 2√

3
σ.

ãäå h > 0� çàäàííàÿ âåðõíÿÿ ãðàíèöà îøèáêè îöåíèâàíèÿ.
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Çàäà÷à ìèíèìàêñíîãî îöåíèâàíèÿ

Äëÿ ìîäåëè íàáëþäåíèé âûïîëíåíî óñëîâèå :

Bθ = 0⇒ 〈a, θ〉 = 0, (4)

Ââåäåì ëèíåéíóþ îöåíêó

X̃ = 〈f ,Y 〉+ c

ãäå f ∈ Rn, c ∈ R. Îïðåäåëèì âåðîÿòíîñòíûé êðèòåðèé

íàõîæäåíèÿ îöåíêè:

P{| X − X̃ |≤ h}, (5)

ãäå h� çàäàííûé ïîðîã îøèáêè îöåíèâàíèÿ.

Áóäåì èñïîëüçîâàòü ìèíèìàêñíûé ïîäõîä :

(f̃ , c̃) ∈ argmin
f ∈Rn, c∈R

sup
Pη∈Us(0;σ2

η I ),θ∈Rp

P{| X − 〈f ,Y 〉 − c |≥ h} (6)
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Âåðõíÿÿ ãðàíèöà âåðîÿòíîñòíîãî êðèòåðèÿ

Ïóñòü ξ ∼ Us(0;σ2), òîãäà ôóíêöèÿ

ph(σ) = sup
ξ∈Us(0;σ2)

p(|ξ| ≥ h) =

{
4σ2

9h2
åñëè h2 ≥ 4

3σ
2

1− h
σ
√
3

åñëè h2 ≤ 4
3σ

2.
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Ìèíèìàêñíàÿ îöåíêà

Ëåììà 1

Ïóñòü â ðàññìàòðèâàåìîé ìîäåëè (1) èñïîëüçóåòñÿ êðèòåðèé

(5), òîãäà îöåíêó X̂ èìååò ñìûñë èñêàòü òîëüêî ëèøü â êëàññå

ëèíåéíûõ íåñìåùåííûõ îöåíîê âèäà : X̂ = 〈f̂ ,Y 〉.
Óñëîâèå íåñìåùåííîñòè îöåíêè X̂ ýêâèâàëåíòíî òîìó, ÷òî

B∗f̂ = a.

Ëåììà 2

Ïóñòü ε = X − 〈f ,Y 〉 ∼ Us(0, σ2) ñ íóëåâûì ìàòåìàòè÷åñêèì

îæèäàíèåì è äèñïåðñèåé Dε = J(f ) = σ2. Òîãäà äëÿ ëþáîãî

h > 0 áóäåò âûïîëíÿòüñÿ:

sup
ε∼Us(0,σ2)

P{|X −〈f ,Y 〉| ≥ h} =


4σ2

9h2
åñëè h2 ≥ 4

3σ
2

1− h
σ
√
3

åñëè h2 ≤ 4
3σ

2.
(7)
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Ìèíèìàêñíàÿ îöåíêà

Çàäà÷à 1

Ïóñòü çàäàí ïðîèçâîëüíûé âåêòîð b ∈ Rn è âåëè÷èíà x ∈ R.
Òðåáóåòñÿ íàéòè âåêòîð y ∈ Rn ñ ìèíèìàëüíîé íîðìîé, òàêîé

÷òî ëèíåéíàÿ ôîðìà 〈b, y〉 = x .

Îòâåò:

y =
b

|b|2
x (8)

Çàäà÷à 2

Ïóñòü çàäàí ïðîèçâîëüíûé âåêòîð b ∈ Rn è âåëè÷èíà x ∈ R.
Òðåáóåòñÿ íàéòè âñå âåêòîðû y ∈ Rn òàêèå ÷òî ëèíåéíàÿ

ôîðìà 〈b, y〉 = x .

Îòâåò: y = b
|b|2 x + (I − bb∗

|b|2 )z , ãäå z ∈ Rn � ïðîèçâîëüíûé

âåêòîð.
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Ìèíèìàêñíàÿ îöåíêà

Çàäà÷à 2

Ïóñòü çàäàí ôèêñèðîâàííûé âåêòîð b ∈ Rn è ñëó÷àéíàÿ

âåëè÷èíà ξ:
ξ ∼ Us(0, σ2η|b|2) (9)

Íàéòè ñëó÷àéíûé âåêòîð η ∈ Rn: 〈η, b〉 = ξ, η ∼ Us(0, σ2ηI )

Âåêòîð η èìååò âèä :

η =
b

|b|2
ξ + (I − bb∗

|b|2
)ζ (10)

ãäå ζ ∼ (0, σ2ηI ), à òàê æå ξ è ζ íåêîððåëèðîâàíû.

b̃ =
b

|b|2
A = (I − bb∗

|b|2
) (11)

Òîãäà ηk = b̃kξ +
n∑

i=1
akiζi .
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Ìèíèìàêñíàÿ îöåíêà

Â çàâèñèìîñòè îò ïîðîãà h è ñð.êâ. îòêëîíåíèÿ σ ïëîòíîñòü

áóäåò èìåòü âèä

fξ+ζi (x) =
p

2c
[Fζi (c − x) + Fζi (c + x)] + qfζi (x)

.

èëè

fξ+ζi (x) =
p

2c
[Fζi (c − x) + Fζi (c + x)]

.

Åñëè ζi ∼ N (0, di ) òîãäà ïîëó÷èì :

fξ+ζi (x) =
p

2c

[
Φ

(
x + c√

di

)
−Φ

(
x − c√

di

)]
+

q√
2πdi

e
−x2

2di (12)

ãäå Φ(x)�ôóíêöèÿ Ëàïëàñà.
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Ìèíèìàêñíàÿ îöåíêà

Ðèñ.: Ãðàôèêè ôóíêöèé fξ+ζi (x)� ñèíèé, fξ(x)� êðàñíûé, fζi (x)�
æåëòûé
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Êîíñòðóêöèÿ íàèõóäøåãî ðàñïðåäåëåíèÿ

Òåîðåìà (Îñíîâíàÿ)

Ïóñòü â ìîäåëè (1) âåêòîð ïîìåõ η ∼ Us(0, σ2ηI ), òîãäà

1. X̂ = 〈f̂ ,Y 〉� ëèíåéíàÿ îöåíêà, ãäå ÌÍÊ-îöåíêà f̂ = (aB+)∗

ÿâëÿåòñÿ ìèíèìàêñíîé íà êëàññå àôôèííûõ îïåðàòîðîâ

îöåíèâàíèÿ.

f̂ = argmin
f ∈Rn

sup
Pη∈Us(0;σ2

η I ),θ∈Rp

P{| X − 〈f ,Y 〉 − C |≥ h}

.

2. Íàèõóäøåå ðàñïðåäåëåíèå âåêòîðà ïîìåõ èìååò âåêòîð η:

η =
f̂

|f̂ |2
ξ + (I − f̂ f̂ ∗

|f̂ |2
)ζ (13)

ãäå ζ ∼ Us(0;σ2ηI ) à ξ è ζ íåêîððåëèðîâàíû.
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×èñëåííûé ýêñïåðèìåíò

Ðàññìîòðèì òðåõìåðíîå äâèæåíèå öåíòðà ìàññ ËÀ

Y (t) = col[y1(t), y2(t), y3(t)] â äåêàðòîâîé ñèñòåìå êîîðäèíàò.
y1(t) = θ1 + θ2t

y2(t) = θ3 + θ4t

y3(t) = θ5

(14)

ãäå θ = col[θ1, θ2, θ3, θ4, θ5]� âåêòîð íåèçâåñòíûõ

äåòåðìèíèðîâàííûõ ïàðàìåòðîâ. Îïîðíûé âåêòîð çíà÷åíèé

θ0 = col[500, 5000, 500, 10500, 2000].
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×èñëåííûé ýêñïåðèìåíò

Òàêèì îáðàçîì:

Yt = Btθ + ηt , t = 0, . . . ,T (15)

ãäå Yt� âåêòîð çíà÷åíèé íàáëþäåíèé â ìîìåíò âðåìåíè t, Bt�

ìàòðèöà ðåãðåññèè â ìîìåíò âðåìåíè t, èìåþùàÿ âèä

Bt =

1 t 0 0 0
0 0 1 t 0
0 0 0 0 1

 (16)

ηt = col[η1(t), η2(t), η3(t)]� ðåàëèçàöèÿ âåêòîðà ïîìåõ â

ìîìåíò âðåìåíè t.
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

Y = col[Y0, . . . ,YT ] ∈ R3(T+1)×1,

B = col[B0, . . . ,BT ] ∈ R3(T+1)×5,

η = col[η0, . . . , ηT ] ∈ R3(T+1)×1,
X = θ1 + Tθ2 + 0θ3 + 0θ4 + 0θ5 ∈ R

(17)
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×èñëåííûé ýêñïåðèìåíò

Òîãäà åñëè T = 10 , òî ìîäåëü ñèñòåìû:{
X = 〈a, θ〉
Y = Bθ + η

(18)

ãäå a = [1,T , 0, 0, 0], X ∈ R� îöåíèâàåìàÿ âåëè÷èíà,

Y ∈ R3(T+1)×1 � âåêòîð íàáëþäåíèé;

×èñëåíííûé ýêñïåðèìåíò ïðîâîäëñÿ äëÿ òðåõ âàðèàíòîâ

âåêòîðà ïîìåõ:

a) Ãàóññîâñêîå: η ∼ N (0, 30I )
á) Ðàâíîìåðíîå: η ∼ Rn(−3

√
10, 3
√
10)

â) Íàèõóäøåå: η = f̂
|f̂ |2
ξ + (I − f̂ f̂ ∗

|f̂ |2
)ζ

ãäå f̂ = [1, 10, 0, 0, 0], à

ξ ∼

R(σ
√
3, σ
√
3) åñëè | h |≤ 2√

3
σ

4
3h2
R(3h2 ,

3h
2 ) + (1− 4

3h2
)δ0(x) åñëè | h |≥ 2√

3
σ.

,σ2 = σ2η〈(B∗B)−1a, a〉 , ζ ∼ N (0, 30I )
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×èñëåííûé ýêñïåðèìåíò

Òàáëèöà: Çíà÷åíèÿ âåðîÿòíîñòè P{|X − X̃ | ≥ h} äëÿ òðåõ âàðèàíòîâ
âåêòîðà ïîìåõ : a)Ãàóññîâñêèå á)Ðàâíîìåðíûå â)Íàèõóäøèå

h N à á â

0.5

1000 0.8730 0.8660 0.9500

5000 0.8656 0.8726 0.9360

10000 0.8724 0.8748 0.9372

2√
3

1000 0.7080 0.7210 0.8450

5000 0.7136 0.7102 0.8546

10000 0.7077 0.7184 0.8526

3

1000 0.3500 0.3340 0.6200

5000 0.3268 0.3496 0.6552

10000 0.3297 0.3417 0.6538

5

1000 0.1170 0.1070 0.2730

5000 0.0966 0.1046 0.2854

10000 0.1063 0.1035 0.2812
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Ðåçóëüòàòû

1 Îïðåäåëåí âèä íàèõóäøåãî ðàñïðåäåëåíèÿ èç êëàññà

Us(0, σ2I ) äëÿ âåêòîðà ïîìåõ â ìíîãîìåðíîé ëèíåéíîé

ìîäåëè íàáëþäåíèé.

2 Èññëåäîâàíû ñâîéñòâà óñòîé÷èâîñòè îòíîñèòåëüíî

ñëîæåíèÿ ñëó÷àéíûõ âåëè÷èí èç êëàññà Us(0, σ2I ).
3 Ïðîâåäåí ÷èñëåííûé ýêñïåðèìåíò.
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